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Abstract
We study the Higgs condensation H = h

tti mechanism in the Top-mode Standard Model at
the next-to-leading order in 1=N
c
. The calculation includes the eects of the Goldstone elds. The
resulting eective theory is parametrized by means of a nite energy cut-o  at which the condensa-
tion is supposed to take place. Demanding that the next-to-leading order contributions not dominate
over the leading order ones, we get a rather low bound for the cut-o:  = O(1TeV). QCD eects
can change the results somewhat, but the basic conclusions remain unchanged. The inclusion of the
Goldstone degrees of freedom tends to decrease the bound on  .
PACS number(s): 12.60.Rc, 14.80.Bn, 11.15.Pg
1 Introduction
The idea that the Higgs mesons could be bound states of heavy quark pairs has been developed and
worked on in a series of papers by various authors ( [1]- [4], and references therein), motivated by
an earlier work of Nambu and Jona-Lasinio (NJL) [5]. The bound states (condensates) are treated
in these works either in the leading-N
c
approximation, or in a form that takes into account part of
the eects beyond the leading-N
c
{ by using improved Schwinger-Dyson equations, or renormalization
group equations (RGEs). A particularly transparent NJL-type framework, containing the essential
1
features of the mentioned idea of condensation, is the Top-mode Standard Model (TSM) Lagrangian,
known also as the BHL (Bardeen-Hill-Lindner) Lagrangian [3].
In a recent work [6], we studied the next-to-leading order (ntl) contributions in the (1=N
c
)-





. The existence of a non-trivial minimum in the eective potential led us to







= 3. In [6],
contributions related to components of the massive electroweak gauge bosons were not considered.
QCD eects were included, but their impact was found to be small. We considered the eective
potential as a function of a hard mass term 
0
of the top quark, parametrized by the expectation
value 
0
of a composite (initially auxiliary) scalar eld .
In the present work, we continue the work of ref. [6]. We show that the inclusion of the \scalar"
longitudinal degrees of freedom of the electroweak gauge bosons W and Z (i.e., of the three composite
Goldstones) at the ntl-level does change the numerics substantially, but does not change the basic
conclusion of the paper [6]. The cut-o remains in the region O(1 TeV). As a matter of fact, the
Goldstone contributions at the ntl-level tend to decrease the cut-o even further.
2 The model and the eective potential
In the Top-mode Standard Model (TSM) Lagrangian [3], a truncated gauge-invariant 4-fermion in-
teraction at a high energy scale E   is assumed to be responsible for the creation of a composite























for E   : (1)











gauge-invariant kinetic terms for fermions and gauge bosons. The Lagrangian (1) leads to an eective
framework for the minimal Standard Model. It can be rewritten in terms of an additional, as yet







































































Addition of such a term changes the generating functional only by an irrelevant source-independent factor [7].
2
















































































are the Higgs and the three real Goldstone components of the auxiliary
complex isodoublet eld , and M
0
is an unspecied bare mass term for  (at E  )
2
. These elds
will eventually become the physical Higgs and the \scalar" longitudinal components of the massive
electroweak bosons through quantum eects. We ignore in (3) the transverse components of W

and
Z and all the lighter quarks which we assume to be and remain massless. It can be shown that the
massless Goldstones discussed here correspond to the Goldstone degrees of freedom of W

and Z in
the Landau gauge ( !1); incidentally, in this gauge, the ghosts do not couple to the scalar degrees
of freedom and therefore they (the ghosts) do not contribute to the eective potential [8].




) of the Higgs eld H can then be calculated in Euclidean space















































where we set h = 1. The bars over space-time components, derivatives and momenta from now on
denote Euclidean quantities. 
 is the 4-dimensional volume (formally innite). We note that the





i = 0 (j = 0; 1; 2) are kept xed. Next, we integrate out the quark degrees of freedom, and




(x) (j = 0; 1; 2), including up to
































































































where the integrals over J
j
(j = 0; 1; 2) and J
h





as well as the scalar uctuation operator 
^
B can be written in
2




















































































G, and the 2 2 matrices are in isospin space. The rst





to the eective potential,
while the exponential terms related to the quadratic uctuations of the scalar elds lead to the full
next-to-leading (ntl) contribution V
(1)
e
. The path integrals corresponding to these terms are of the
Gaussian type and can be explicitly evaluated. Proceeding in close analogy to [6]
3






























































































































are the kernels of the Gaussian path integrals corresponding to the contributions of
the neutral scalars H , G
(0)





















































































































































































), and for the leading-N
c
(i.e., 0 + 1-loop)













means tracing over the 4 4 spinor matrices. The integrals in (12), as well as the one in (8),
are regularized by means of a simple spherical cut-o 
f
for the fermionic (top quark) momenta j

kj.








are truncated 2-point Green functions corresponding to a (t

t)-loop
carrying two external Higgs legs, and two neutral Goldstone legs (with momentum p), respectively.
Analogously, K
ch
corresponds to a (b

t)-loop with two external legs of the charged Goldstones. The
tracing over the colors led to factors N
c
(= 3) in V
(0)
e





. The tracing in (9)
is over spinor space and the momentum basis, involving a second integral over the bosonic momenta p




















































































































































































































Subscripts H , Gn and Gch correspond to contributions from the Higgs, neutral Goldstone and charged































































































































































































can also be rederived diagrammatically by summing up terms
corresponding to the 1-PI Green functions depicted in Figs. 1 and 2 (cf. also [6]).




leads to the familiar leading-N
c
gap equation
connecting the cut-o 
f


































































) in the (1=N
c
)-expansion, as already done in eqs. (13)-(15). Next-to-leading order




), the cut-o 
f
and the 4-fermion coupling strength G,
can be obtained by consistently minimizing 
e

















































Inserting (19) into (18), taking into account (13) for 
e
and demanding that the coecients at each
power of (1=N
c













































= 0 : (20)

































































. It is straightforward to
check that there are no leading-N
c
contributions to these corrections, so that only the 1-PI diagrams




































At the ntl-level there are three separate contributions, coming from the Higgs, neutral Goldstone and

































































































































































































































The expressions above were obtained by summing up the corresponding Green functions of Fig. 3,
assuming rst a (normalized) Euclidean momentum q
2
> 0 for the external top quark line. Then the













) had to be






, it turned out that this continuation is equivalent to the









Goldstones leading to (26) is somewhat more complicated due to the fact that the massless Goldstone
pole at p
2





) at the threshold value q
2
= 0. The











> 0. The real part of this term was written in (26) as a separate ln "
2
0
-term. Therefore, none of the
remaining integrals in (26) is singular.






depends strongly on "
2
0
, i.e., the solution of the leading-N
c
gap equation. This is consistent,
since all our calculations were carried out in the \(1=N
c
)-perturbative" manner. The integrals involved
in (21) contain no singularities. On the other hand, if we were to relax the large-N
c
expansion (19)








) without assuming (19), we would encounter singularities
in the integrals over p
2
, suggesting that such an approach does not guarantee the masslessness of
the Goldstones. These singularities would correspond to the appearance of small nonzero squares of











We have numerically calculated the ntl-changes (21) and (23), based on the integrals (14)-(15)
and (24)-(26). The integrals over the squares p
2
of the normalized bosonic momenta were performed




















































































































































































  B) + (1 A) ln("
 2















The parameters A, B and a
j











































+ B : (29)









in the ntl-gap equation (20)-(21), are obtained directly from (27).







of (13) and (17), which
is essentially a dimensionless measure of the strength of the original 4-fermion coupling G in (1).




(= O(1)). As suggested by



















= 1, 0:5. It turned out

































large, so that the (1=N
c
)-expansion would have some qualitative predictive power. This implies that









(cf. (17)), cannot decrease beyond













correspondingly. Consequently, the cut-o 
f
















diminished by the ntl-eects (21) and (23) not more than by a factor of:
p
2, 2, 3, 4. The resulting
critical values of ratios and of cut-os are given in Table 1 (columns 3-6), where, in addition, we
included in the last four columns the results when only the Higgs eects (without Goldstones) were
taken into account. Comparing the two sets of results, we conclude that the Goldstone degrees of
freedom change the numbers substantially. However, in both cases, we are led to the same qualitative
conclusion: the cut-o 
f
does not surpass O(1 TeV).









of (23), for the cases displayed
8
in Table 1, the following picture emerges: the Higgs and each one of the three Goldstone degrees of




; the Higgs contributes a negative value and
































j, usually by one order of magnitude.
Finally, the leading part of QCD eects was included. The \gap" part is represented by the
contributions coming from the diagrams of Fig. 2, where the internal dashed lines represent now the




for the quarks and 1=
2
b
for the gluons. The corresponding contribution to 
(1)
to









































Above, we denoted by a
gl






)=  0:105. The (proper-time
regulated) 2-point Green function J
gl




















































































(4w + 1) ln
"
p





We point out that expression (30), unlike (15), turns out to be numerically almost equal to its 2-loop

















being only a fraction of a percent.
The leading QCD m
t
-mass renormalization eect comes from the 2-loop version of the diagrams
































































is by about one order of magnitude smaller than the corresponding contribution
9





by a factor of 3{5, and it is comparable to the separate positive contributions of the Goldstones to













(by a factor of 3 or
more). In Table 2, we display the results analogous to those of Table 1, but now these QCD eects are
included. Comparing Table 1 and Table 2, we see that the inclusion of QCD changes the results rather
modestly. The basic result remains the same: as long as we demand that the leading-N
c
gap equation




) cannot surpass O(1 TeV).
In conclusion, we mention that other authors have studied ntl-eects in the TSM and in related
frameworks [9]- [11]. The authors of [9] calculated ntl-contributions to critical exponents of the elds
within NJL-type models at the xed point, i.e., at the location of the non-trivial zero of -function,
for various dimensions d. The implications of [9] in relation to 4-dimensional NJL-type models at low
energy and with nite cut-o are not clear and would deserve investigation. When concluding the
present work, a somewhat related work by K. Akama [10] came to our attention. Akama investigates
the ntl-eects by considering the compositeness condition, i.e., the condition that the renormalization
constants of a composite scalar eld and of its self-interaction parameter are zero. He reaches the
conclusion that the ntl-eects for N
c
= 3 are substantially stronger than the leading-N
c
contributions
and lead to physically unacceptable results: negative Higgs mass, negative 
4
-coupling, etc. Further-
more, Lurie and Tupper [11] had earlier considered the compositeness condition and took into account
at least some of the eects beyond the leading-N
c
, arriving at qualitatively the same conclusion as
Akama - that 1=N
c
-expansion diverges. We note that these three authors treated the TSM as a renor-
malizable Yukawa-type model (without gauge bosons) plus the compositeness condition, similar to
(but not identical with) the approach of BHL [3]. Thus, they implicitly assumed large cut-os , in
the sense that ln-terms would entirely dominate over the -independent parts. Consequently, the
results of Akama, Lurie and Tupper appear to not contradict the results of the present paper - i.e.,
that the TSM can be interpreted at the ntl-level in a straightforward manner only if  = O(1 TeV),
and that it may be dicult or impossible to interpret the model if  > O(1 TeV).
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(sc) (sc) [TeV] [TeV] (H) (H) [TeV] [TeV]
0.707 1. 0.845 0.598 0.30 0.30 0.619 0.438 0.41 0.41
0.5 1. 0.698 0.349 0.52 0.52 0.420 0.210 0.86 0.86
0.333 1. 0.626 0.209 0.86 0.86 0.368 0.123 1.47 1.47
0.25 1. 0.603 0.151 1.20 1.20 0.353 0.088 2.04 2.04
0.707 0.5 0.504 0.357 0.50 0.36 0.320 0.226 0.79 0.56
0.5 0.5 0.409 0.204 0.88 0.62 0.250 0.125 1.44 1.02
0.333 0.5 0.369 0.123 1.46 1.03 0.226 0.075 2.39 1.69































0.707 1. 0.788 0.557 0.32 0.32
0.5 1. 0.630 0.315 0.57 0.57
0.333 1. 0.557 0.186 0.97 0.97
0.25 1. 0.535 0.134 1.35 1.35
0.707 0.5 0.455 0.322 0.56 0.40
0.5 0.5 0.365 0.182 0.99 0.70
0.333 0.5 0.329 0.110 1.64 1.16
0.25 0.5 0.318 0.080 2.26 1.60
4 Table and gure captions
Table 1: The quark (fermion) cut-os 
f
and the bosonic cut-os 
b
which result when we impose the requirement












2, 1=2, 1=3 and 1=4, respectively; we






2; \sc" indicates quantities for the case when all four scalar degrees were
taken into account at the next-to-leading (ntl) level; \H" indicates quantities when only the physical Higgs degree of







Table 2: Same as Table 2, but this time for the case when, in addition, the leading part of the QCD (two loop) eects
was taken into account.







; : : : ; p
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. Full lines represent massless top quarks, and dotted
external lines the scalar non-dynamical Higgs of the Lagrangian (3).
Fig. 2: The (`+1)-loop 1-PI diagrams which contribute to the 1-PI Green functions which in turn yield the ntl-part V
(1)
e




. The diagrams contain ` loops of (massless) quarks. These loops
are connected into another circle by ` propagators of the (non-dynamical) scalars (all either Higgs, or neutral Goldstone,
or charged Goldstone). In the case of charged Goldstone propagators, the quark loops are made up of the top and the
bottom quark.
13
Figs. 3(a)-(c): the 1-PI diagrams with two external top quark legs which give the leading (O(1=N
c
)) contribution to the
renormalization of the mass m
t
. Unlike the diagrams of Figs. 1-2, the top quark propagators here contain the non-zero
bare mass m
t
which was the solution to the leading-N
c
gap equation. The dashed lines are all the non-dynamical scalars
(either the Higgs, or the neutral Goldstones, or the charged Goldstones). For the case of charged Goldstone propagators,
the loops contain one massive top quark and one massless bottom quark.
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